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Abstract 

We consider the group manifold approach to higher spin theory. The deformed 
local higher spin transformation is realized as the diffeomorphism transformation in the 
group manifold M. With the suitable rheonomy condition and the torsion constraint 
imposed, the unfolded equation can be obtained from the Bianchi identity, by solving 
which, fields in M are determined by the multiplet at one point, or equivalently, by 
AdS 4 ^ C M. Although the space is extended to M to get the 
geometrical formulation, the dynamical degrees of freedom are still in AdS^. The 
4d equations of motion for obtained by plugging the rheonomy 

condition into the Bianchi identity. The proper rheonomy condition allowing for the 
maximum on-shell degrees of freedom is given by Vasiliev equation. We also discuss 
the theory with the global higher spin symmetry, which is in parallel with the WZ 
model in supersymmetry. 
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1 Introduction 


Group manifold approach provides a natural geometrical formulation for supergravity [H 
El El m. The starting point is the supergroup Osp(l/4) or Osp(l/4). Supergravity held 
and matter held are vielbein 1-form and 0-form H on the group manifold M, A, M = 
1, • • ■ , dimOsp(l/4). Local super Poincare transformation is realized as the diheomorphism 
transformation on M. The curvature for the 1-form can be dehned, on which, the 

rheonomy condition is imposed PEIEIII]. The condition requires that can be alge¬ 

braically expressed in terms of its purely “inner” components with = 1,2, 3,4 the 
indices in a four-dimensional submanifold M 4 . Namely, 


R 


4 _ 

MN 


' MN\B 


or 


R, 


CD 


= r, 


CD 


ab jdB 
B^ab 


( 1 . 1 ) 


where and are constant holonomic and anholonomic tensors. a,b = 1,2, 3,4. 

The rheonomy condition ensures that helds on the whole M are determined by helds on M 4 . 
So the hnal dynamics is still in M 4 , where the diheomorphism transformation reduces to the 
on-shell super Poincare transformation of the Ad helds. The equations of motion in M 4 are 
obtained by plugging the rheonomy condition into the Bianchi identity. Instead of imposing 
the rheonomy condition, one can also construct the extended action, which is the integration 
of some 4-form on a Ad submanifold M 4 . Variation of the action with respect to both helds 
and M 4 gives the rheonomy condition as well as the Ad equations of motion. 

In this paper, we will reformulate the group manifold method, adding an inhnite number 
of auxiliary helds so that the hnal system is equivalent to the unfolded dynamics approach 
which is convenient for higher spin theory [5]. For simplicity, we will consider the minimal 
bosonic Ad HS algebra ho(l|2 : [3,2]) with spin s = 0,2, • • • [6]. The corresponding group 
manifold is denoted as M. Fields are 1-form and 0-form Rf on M with the curvature 
2 -form 

dW^ = A A (1.2) 

and the 1 -form 

dR = (1.3) 

M = 1,2,-■■ ,dimho(l|2 : [3,2]). a ~ [a{s — l), 6 (f)] is in the adjoint representation of 
ho(l|2 : [3,2]). is the structure constant of ho(l|2 : [3,2]). The deformed higher spin 
transformation is the diheomorphism transformation on M. 

The rheonomy condition is 


where 


fa _ fa / p[“(«-l)R(s-l)] 

TJ — h (' 

ria — ) 

)' '' ) dd^ Rfci) 

•), 

(1.4) 

p[a(s-l),b(s-l)] _ a p. p[a(s-l),b(s-l)] 

-^ab;ci---c„ — ' ' ' '-'ci-n^ab ’ 

Hci -Cn ~ 


(1.5) 
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dc = a,b,c = 1, 2, 3,4. a is the abbreviation for the [0, a] element of ho{l\2 : [3, 2]). 

Different from the supergravity situation, the curvature depends on the “inner” components 
as well as their “inner” derivatives. This is the most generic rheonomy condition. fll.4p 
together with the Bianchi identity gives the unfolded equation 

dW^ = A W\ 

,p[a(s-l),fe(s-l)] _ [a(s-l),fe(s-l)]TT^7 

“ ' ab-,ci-cn'r ’ 

, ( 1 . 6 ) 

from which, (hT“, on the whole M is determined by its value at one 

point. On AdS^ C M, we have the further relation 


/ p[a(s—l),6(s—1)] p[a(s—l),fe(s—1)] TJ IJ \ 

K^ab ) -0'afe;ci ’ ' ' ‘ ‘ ‘ O 

~ . .. • • •), (1.7) 

where is the derivative on AdS^. So equivalently, with given on AdS 4 ^, 

{W^,H) on the whole M can be determined up to a gauge transformation. The dynam¬ 
ical 1-form helds are which is because in fll.4p . the torsion constraint is also 

implicitly imposed: and Ha do not depend on ^ 7^ s — 1. For 0- 

form, the deformed higher spin transformation is = e'^da, under which, the multiplet 

■ , i7, TTci, • • •) forms the complete representation on-shell. 

The whole dynamics is encoded in functions {fp^,ha), which should satisfy the Bianchi 
identity and also give the correct free theory limit. With the unfolded equation plugged in, 
the Bianchi identities are polynomials of Hc^...c„), by solving which, {f^^, ha) 

is determined with the rest constraints on ifci-.-c^) acting as the Ad equations 

of motion. The procedure is simple in supergravity but is extremely complicated in higher 
spin theory. Instead of hxing ha) and getting the Ad equations of motion by solving 
the Bianchi identity, one can hrst identify the on-shell degrees of freedom, for example, 
(J)®" ~ <|)[a(«+’T.)>^(«)] in twisted-adjoint representation of the higher spin algebra, then hnd 
the suitable ha) so that the Bianchi identity is satished for the arbitrary 4)'^. 


n = 0,1,... } U s = 2,4,... , n = 0,1,... } 


( 1 , 8 ) 


and s = 0, 2, • • • , n = 0,1, • • • } have the same number of indices. With the Ad 

equations of motion imposed on fll.Sp . the two may contain the same number of degrees of 
freedom. Written in terms of 4>'^, the unfolded equation becomes 

dW" = ^/^7(<h")hF^ A W\ d4>“ = F^(^^)W^. (1.9) 


It remains to hnd {f^^, Fg ) satisfying the Bianchi identity and also giving rise to the correct 
free theory limiti]. Vasiliev theory gives the elegant solution to this problem mUM- By 


^As is shown in appendix C, there are ifpjjFp ) satisfying the Bianchi identity but failing to give the 
correct free theory limit. It is unclear whether the two requirements can uniquely fix {f^^, F^) (up to a field 
redefinition) or not. 
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solving the Z part of the Vasiliev equation order by order, one may hnally get the required 

[IS]- 

For supersymmetry, it is also possible to study the dynamics of the 0-form matter on 
group manifold with the hxed background such as the WZ model. The component expan¬ 
sion of the 0-form on superspace gives the spin 0 and 1/2 helds in 4d. The allowed gauge 
transformation is the global super Poincare transformation, which is the diffeomorphism 
transformation on M preserving the background. For higher spin theory, one can similarly 
consider the 0-form FT on M with 

= AW^, dH = HJ¥^. (1.10) 

Wq describes the background with the vanishing curvature. The system has the global 
HS symmetry. The component expansion of if on M gives the spin s = 0, 2, • • ■ helds 
bi-bs- Other hand, the linearized Vasiliev equation for the 0-forms on back¬ 

ground Wq is 

( 1 . 11 ) 

which is also invariant under the global HS transformation, is the constant. With 
$ = <j)k(o),b(o)] _ from (i<F = we have can then be 

taken as the Weyl tensor of the linearized HS theory. With the space extended from AdS^ 
to M, 0-forms in the linearized Vasiliev theory get the interpretation as the derivatives of a 
single 0-form H on M. 

The rest of the paper is organized as follows. In Section 2, we construct a symmetric 
space M with the higher spin transformation group the isometry group. In Section 3, we 
consider the theory with the local higher spin symmetry. The discussion and conclusion are 
given in Section 4. 

2 Symmetric space from the higher spin algebra 

We will consider the minimal bosonic higher spin theory in AdS^^ with the coordinate 
p= 1,2, 3,4. The related HS algebra is ho(l|2 : [3, 2]) with the basis {to ~ 

[ 6 ]. is in irreducible representations of S'0(3,2) characterized by two row 

rectangular Young tableaux, Hj, Bi = 0,1, 2, 3,4, s = 2,4, • • • 

tAi---A3-i,Bi---Bs-i 

t{Ai-As-i,AAB2-Bs-i = O 5 ^Ai-As-sCC, ^ ^ = 0 . 

With tti, bi = 1, 2, 3,4, basis of ho(l|2 : [3, 2]) can be rewritten as 

{ta} = {tAi-A^-uBi-Bs-i} 

0'"0,6i'"bs_i) ^0---0ai j ^0---0aia2,bi'"6s-l 5 ' ' ' ) tai---aa-i,bi---bs-i 



( 2 . 1 ) 


( 2 . 2 ) 
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Let 


(2.3) 


{^0---0ai,6i---bs-l) ^0---0aia2a3,6i---fes-l) ' ' ' ) ^ai---as-i,bi'"6s-l } 

be the basis of a[E], 

{^ a } {^0-"0,bi'"6s_i) ^0---0aia2,fei"-6s-l) ' ' ' ) ^0ai---aa_2,bi'"bs-l } (2-^) 

be the basis of K, ho{l\2 : [3, 2]) = a[E] © K. 

[a[E], a[E]] C a[E], [a[E], K] C K, [K, K] C a[E]. (2.5) 


a[E] is a subalgebra of ho(l|2 : [3,2]) generating a subgroup E. The coset space G[ho(l|2 : 
[3,2])]/i? is a symmetric space according to fl2.5p . With the group given, it is a standard 
procedure in mathematics to construct the group manifold M for G[ho(l|2 : [3, 2])j^ and the 
symmetric space M for G[ho(l|2 : [3,2])]/£'. In the following, we will give a construction 
based on the operators and the conserved charges of the quantum higher spin theory in 
AdS^. For earlier work on space with the tensor coordinates, see mills]. 

In quantum higher spin theory, there are conserved charges {Qai-As-i,Bi---Bs-i} oiie- 
to-one correspondence with particular, {Qai,Bi} are generators of 

SO{3, 2). Suppose 0 is a point in the bulk of AdS^, for example, (1, 0, 0, 0, 0) in x^ — x^ — 
x^ — x‘^ + x^ = 1, and 0(0) is the operator for the spin 0 held at 0, then the orbit generated 


by 5*0(3, 2) gives operators for the spin 0 held in the entire AdS^. 

{0{u)\u e AdS,} = {gO{Q)g-^\g e ^0(3,2)}, (2.6) 

where g = _ Aside from AdS 4 , the orbit generated by G[ho(l|2 : [3,2])] gives 

operators in an enlarged space M. 

{0(^)1^ e M} = {gO{0)g-^\g e G[ho{l\2 : [3,2])]}, (2.7) 

where g = ^ ^ G[ho{l\2 : [3,2])], there is a subgroup E{z), 

V e G E{z), eO{z)e~^ = 0{z). The higher spin algebra is decomposed as 

ho(l|2 : [3, 2]) = K{z)® a[E{z)] = g{z)K{0)g{z)~^ © g{z)a[E{0)]g{z)~^ (2.8) 


with K{z) the tangent space of M at z. M is the coset space G[ho(l|2 : [3,2])]/i7. In 
particular, ^0(3,1) C E, SO{3,2) C G[ho(l|2 : [3,2])], ^^5*4 = ^0(3, 2)/^0(3,1), so M 
has a hber bundle structure with the hber ^<75*4 attached at each point of the base manifold. 

It remains to determine the subalgebra a[E]. Although the direct quantization of the 
higher spin theory in ^^5*4 is still not available, its CFT dual is quite simple. In appendix 
A, the CFT realization of 0(0), or more accurately, O’''(0), is given. It is shown that the 

"^HS transformation group is the global symmetry group of the 3d 0{N) vector model and the dual 
minimal bosonic HS theory in AdS 4 . The related algebra is ho{l\2 : [3, 2]). The group can be non-connected, 
just as 50(3,1). Here G[ho(l\2 : [3, 2])] refers to the the connected piece containing the identity, which is a 
simple group. So the related group manifold M is also connected. 
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charge Qo...oai---a 2 k-iM-bs-i corresponding to fl2.3p commutes with 0(0). So a[E] constructed 
here is the same as 02.31) . 

The metric on the coset space M = G[ho{l\2 : [3,2])]/i? is dehned in group theory. 
Alternatively, we can use the operator 0{z) to get the same result. There is a one-to-one 
correspondence between Tz{M) = {v^dM\M = 1, • • ■ , dimM} and K{z). For the given Dm, 
3 kuiz) G K{z) satisfying 

duOiz) = i[kM{z),0{z)]. (2.9) 

{kM^z)} compose the basis for K{z), from which, one can dehne a special set of the coordinate 
on M 

0{z) = ( 2 . 10 ) 

The metric on Tz{M) can be induced from K{z), i.e. 

gMN{z) = {kM{z)\kM{z )), (2.11) 

where {kM{,z)\k]si{z)) is the killing form, qmn is G[ho(l|2 : [3,2])] invariant. Under the 
G[ho(l|2 : [3,2])] transformation, 

0{z) gO{z)g~^ = 0{z'). ( 2 . 12 ) 

G[h.o(l|2 : [3,2])] generates the isometric transformation 2 ; —)■ U on M. 

The tangent space on the coset space M is {tyi}. The group manifold of ho(l|2 : [3, 2]) is 
the manifold M with the tangent space {to}, dimM = dimho(l|2 : [3,2]). The coordinate 
on M is Zjp, ik]^{Z) = dMg{Z)g{Z)~^, GMf^{Z) = (A;^(Z)|/c^(Z)). 

dMO[Z) = t[kM[Z),0{Z)]. (2.13) 

When kM^Z) G E{Z), d^O^Z) = 0. Let {to] be a set of the orthogonal normalized basis 
of ho(l|2 : [3,2]), one may assume ka{Z) = g{Z)tag{Z)~^. kf;^{Z) = W^{Z)ka{Z) and 
ka{Z) = {Z)kM{Z) gives the vielbein on M: 

= = r,^0W;-,Wi=Gsjfi. (2.14) 

= (taltg) is the killing metric for ho(l|2 : [3, 2]) with the suitable normalization 
assumedcl Suppose d^k^lZ) = r^j^ki{Z), dj^ka{Z) = (j)^^^ki 3 {Z), there will be 

9sir® + rfjwy - = 0. (2.15) 

With the covariant derivative dehned as — and = da — (j)a: 

we have 


= ^^[kM,{Z), [kM^iZ), • • • [kM^Z), 0(Z)] ■••]], (2.16) 

• • • ^a2^a^O(Z) = z^lk0,,(Z), [k^,{Z), • • • [fc„„(Z), 0{Z)] •■•]]. (2.17) 

^Notice that the killing metric 77^/3 is indefinite having one sign for compact directions and the opposite 
for non-compact directions. G{ho{l\2 : [3,2]) is obviously not a compact group as one can see from its 
subgroup S'0(3, 2). 
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As is shown in Appendix A, for [Qo-oai-a,,bi-b,+fe, 0(0)] with k = 1,3, 


[Qo---Oai---as,bi---bs+j,) 0(0)] 

,2s+k-2r 

dO-Oai-aaM-bs + k [Qoci-Cr,Cr + l-C2r+lJ 

r=0,2,--- ,s 


[Qo,C2r+t-11 [Qo,C 2 r+t) 0(0)]] 


(2.18) 


At the point Z, 0(Z) = g{Z)OiO)giZ)-\ Qa{Z) = g{Z)QAg{Z)-\ 

[Qo-Oai-a,,6i-6,+fc(Z),0(Z)] 
t=l,2,--- ,2s+k—2r 
_ \ ^ Cl-"C2r+t 

/ y y0---0ai---as,bi---6s+fc 

r=0,2,--- ,s 

[Q0ci-Cr,Cr+l-C2r+l{^) ^ ' ' ' [Qo,C2r+t-1 (^) ) [Qo,C 2 r+t{^) ^ 0 {Z)]] ' ' ■]. 


(2.19) 


Since 


^0,bs+k-^0,bs+k-i ■ ■ ■ -^Oai---as,bi---bs+l 


0(Z) 


= ■ ■ • [Qo,w(Z). lQo,».«(Z).0(Z)]] ■ ■ -I, (2.20) 


there will be 


^0---0ai---as,6i---bs+feO(Z) 

£=1,2,--- ,2s+fc—2r 

E -l-t Cl---C2r-l-t 

^ y0---0ai---as,6l---fes + fe^0.C2r + t^0,C2r+i-l ■ ■ ■ ^0ci---Cr,Cr + l---C2r+l 

r=0,2,--- ,s 


0(Z). 


( 2 . 21 ) 


According to the dehnition, and are invariant nnder the global higher spin trans¬ 
formation, so is their contraction (pa- (pa is a scalar, so it must be a constant on M. fl2.2ip 
can be further rewritten as 

^0---0ai---as,fei---bs+fcO(Z) 

t=l,2,--- ,2s+/c—2r 

~ Oq...q^^...„^ ;,^...^^^^9o,C2r+i^O,C2r+t-l ' ' ‘ ^Oci ■ ■-C,-,Cr + l ■ ■ ■C2r+1 O ( Z) 

r=0,2,"- ,s 

( 2 . 22 ) 

for some constant 0;;™+‘^ 

Just as the chiral constraint relates Oq with d^, here, 5o - oai---as,6i---fes+fe i® determined by 
do,c 2 r+tdo,c 2 r+t-i - ■ ■ docr-cr,cr+v-c 2 r+i- T^is IS becuuse [Qai...a,_i,Si-s,_i(Z), 0(Z)] |0) are all 
in the 1-particle Hilbert space of the higher spin theory, for which 

{IQo,i,.«(Z). ■ ■ ■ lQo,k„(Z), |Qo„,....,i,..i,.«(Z).0(Z)]]...]} 

~ {|Qoa,..a.,h...|,.„(Z),|Q„,t.„(Z),.- - ,[Q„,J.„(Z),0(Z)]...]|} (2.23) 
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compose the complete basisO In [I2] , by considering the zeroth level of the nnfolded eqnation 
for the 0-form $ in M, the similar result is also obtained. $ = is the lowest 

component of <|)[“(*+0.^(«)]. Generically, one may expect 

' [Qo-Oa} , O (Z)] ■ ■ ■] 

~ ^a(ai---a„6i 

' bs+k)[Qoai---as,bi---bs+i (Z).-"1Q Oj^S + fc —1 (Z).IQ Oj^S + fc 

(2.24) 

where a(ai • • • a^, 6i • ■ ■ bg+k) are constants to be determined. 


~ ^ A(ai • • • Os, &1 • ■ ■ bs+k)do^bs+k9o,b,+k-i ''' doai-asM-b,+iO{Z). (2.25) 

fl2.25p is the G[ho(l|2 : [3, 2])]-invariant differential operators on M, which will be useful in 
section 3.6 when we try to construct the theory with the global higher spin symmetry. . 


3 Theory with the local higher spin symmetry 

In section 2, the background in M is hxed to be the intrinsic geometry with dW^ — A 

Wq = 0, which is invariant under the global higher spin transformation preserving Wq. To 
have the local higher spin symmetry, the 1-form IT" in M should be dynamical. We will 
study the dynamics of the 1-form hh" and the 0-form H in M. With the suitable rheonomy 
condition and the torsion constraint imposed, (IT", H) in the whole M is determined by 
in AdSi- We then discuss the relation between the unfolded equation in 
group manifold approach and the unfolded equation in Vasiliev theory. We will also make a 
comment on theory with the global higher spin symmetry. 

3.1 Higher spin theory on group manifold and the rheonomy con¬ 
dition 

The 1-form IT^ is the vielbein on M. IT^Wf = 5^, IT^ITf = 4, Vaf^W^Wl^ = GmnQ 
The curvature 2-form is dehned as 

= dW^AW'^. (3.1) 

It is convenient to use the 0-form to parameterize ~ ~ 

dW^ = ^(/^"., + R%)Wf^ A IT'^ = ^4iT^ a IT^ (3.2) 

®More precisely, it is {[Qo,b^+kiZ), ■ • ■ b^—bs^Z)] • • •]} that forms the complete basis, 

but (12.231) is enough to generate - - (^), 0(Z)] since [Qq{Z),0{Z)] = 0 for tg in (IT51) . 

^Here, is invertible, which is general enough to account for the 4d HS theory, in which, the relevant 
field is W“. Let {a} = {d} U {a}, {M} = {M} U {^}, e“ is usually required to be invertible, one can 

also suitably select to make the whole IT^, invertible. 
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where is the deformed structure constant. The Bianchi identity is 

%/h + f^l'yfpa] = 

where = W^d^. In addition, we can add the 0-form matter held H on M, 

dH = H^W^ ^ daH = H^, 
dipH^^+Hj^^ = 0. 


(3.3) 

(3.4) 

(3.5) 


The group manifold M is necessarily involved in the dehnition of and Ha- fl3.3p and 
fl3.5p are dehned in M as well. 

The dehnition fl3.2p and fl3.4p is invariant under the diheomorphism transformation gen¬ 
erated by , 


(3.6) 

With 

, 

(EH) can be rewritten as 

= d6“ + , 6,H = 

which is the deformed local higher spin transformation. 


(3.7) 

(3.8) 


S„S„ - 4,(5„ = [e2,€i]“ = 


(3.9) 


The algebra is closed with the deformed structure constant 

If for some A, = 0, the local gauge transformation generated by is 

undeformed. It is necessary to require R^a{i) fe(i )]7 = ^{ab)-y = 0 to make the local Lorentz 
transformation undeformed. Also, since hf is a scalar, H(^ab) = 0 should hold so that 6^abH = 
e°'^Hi^ab) = 0. From fl3.3p and 


+ fUyRv'i 


(3.10) 

The evolution along the {ab) direction is a local Lorentz transformation, so the group man¬ 
ifold M ehectively reduces to the coset space Ai = G[ho(l|2 : [3, 2])]/S'0(3,1). Recall that 
in Section 2, we have discussed the coset space M = G[h.o(l|2 : [3,2])]/F^. For M to reduce 


cQ 


IS 


to M, there must be Rq^ = 0 so that the local gauge transformation generated by 
undeformed. However, at least in Vasiliev theory, R^ah)-y = 0 is valid but Rq^ = 0 does not 
necessarily hold. 

When /3 ^ (a6), and d^R^ cannot be uniquely determined by fl3.3p and fl3.5p . 

Nevertheless, from fl3.3p and fl3.5p . we have 

d-,Ri, = + rRL^ 


d-,H, = d^H-, + ff„/, 


a 

a'y 


(3.11) 

(3.12) 















with Ha = daH. a represents the [0, a] element of ho(l|2 : [3,2]). Let 


Kto .c,. = 9c-'-a«K». = a,,■■■4,//, (3.13) 

if 

H; = h.,(Rli„ ■■■ ( 3 . 14 ) 

with and the polynomials of Rab-cxi''' -^ci, • • ■ with the constant coefficients, 

then 


= aisfly + 

= a./f, + iij” = 


ab\^\^abi ^ab;ciy 

ha-,'f{Rab^ Rab-,c\i 


■■■ 


are also polynomials. Moreover, since 


(a^a, - d^df)F = f“gd^F, 


( 3 . 15 ) 

( 3 . 16 ) 


( 3 . 17 ) 


SO 


and 


{d,a, - a,a,)K, = /" a^K, = /" ,■■■ ,h,h„,---), 

(a„a, - a,a„)ff„ = /'a,ff. = f’MRL ■ ■■ ,h,h„,---), 

9^Rah;c = “ A" = C;c7 


d'jHac OryOcHa dcha-^j f^c^a](j ^a;c7 hacy 

are again polynomials. Subsequently, one can prove for n = 0,1, • • •, we have 

, ff, ffo., ■ ■ ■ ), 

a,77c,...c„ = at,...t„i(flfi, , ff, ffci, ■ ■ ■). 

or equivalently, 

■iflV,...,. = )1V', 

dft,...,. = Ac,...,.^(flf„ )H''\ 

where and fto,...c „7 are polynomials of . Finally, 

the unfolded equation 

1 


(3.18) 

(3.19) 

(3.20) 

(3.21) 


(3.22) 


(3.23) 
we get 


dw- = -{rp^+T%)w^ ^w\ 
dRX,-c^ = rX,...c^,W\ 


(3.24) 
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with n = 0,1, • • •. and are functions of ■ ■ ■ , H, Hc„ ■ ■ ■ ■ 

From (-Rfb, Rab-ci 5 ■ ■ ■ 5-^5 ^cii • • •) one point, (PF", -ff) on the whole M can be determined 
up to a gauge transformation. fl3.24p is invariant under the local gauge transformation fl3.8l) 
which can now be explicitly written as 


F1F“ = de“ + 

A 

^€.^^ab]Ci---Cn ^ ' afe;ci-"C^cr? 


(3.25) 


Rab ciy ■ ■ ■ ) -^ci, • • •) forms a complete higher spin multiplet. 

fl3.14l) is the rheonomy condition in higher spin theory. This is the most generic rheonomy 
condition requiring that the curvature {R'^^, H^) is determined by its inner components 
{Rabi Ha) as well as their inner derivatives. The condition, together with the Bianchi identity, 
gives the unfolded equation. The rheonomy condition in supergravity fll.ip is a special 
situation, in which, the dependence on the inner derivatives vanishes. Therefore, supergravity 
does not contain the higher derivative interactions. 

The parameterization (13.141) should satisfy the Bianchi identity 


+ SkJU = 0. = O' (3'26) 

With fl3.22p and fl3.14p plugged in fl3.26l) . we get 


77 a 

^ hpr^' 


(R 


ab;ci ’ 


,H,H, 


Cl ? 


) = 0, 




Cl’ 


,H,H, 


Cl ? 


) = 0, (3.27) 


where and are also polynomials of R^b-^^, ■ ■ ■ ,H, i7ci, • • ■ • 113.271) gives the 

Ad equations of motion for (7?^^, Rab-c^^''' ^H, Ffcn • • ■ )• For the randomly selected function 


{rp^,h^), 113.27p only has the trivial solution 7?^^ = 77 = 0. should be chosen to 

allow as many on-shell degrees of freedom as possible. In this sense, 113.27p determines both 
h^) and the Ad equations of motion. 

To guarantee the local Lorentz invariance, in 113.14p . R'^ab )/3 ~ H(^ab) = 0. Since 


d(ab)R^,a 
9{ab) Hqi 


dRoa p dR°:„ 


7- ^{ab)Rde-,cvc„ + 


dH^ 


a D/t I 

ap/3 ^iab)-^de;ci—Cn 


977.. ...c 
977„ 

977.. ..,^ 


■9(afe)77,,...c^, 


(3.28) 


where d(ab)R^ai d(^ab)Ha, d(ab)Rde-ci--c„ d(^ab)Hc^...c^ are all standard local Lorentz trans¬ 
formations, the coefficients in and should be the Lorentz invariants. In fact, 113.28p 
are also included in 113.26p . so the Lorentz invariance of and is also the requirement 
of the Bianchi identity if Rfab )/3 ~ H(^ab) = 0. 

We only considered the equation 113.24p on group manifold M, since in that space, the 
diffeomorphism transformation and the local gauge transformation are in one-to-one corre¬ 
spondence. As the universal property of the unfolded equation [15], 113.24p is well-dehned in 
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space m with dimm > 4. If dimm > dimM, different diffeomorphism transformations may 
be realized as the same gauge transformation, i.e. there are flat directions with = 0; 

if dim m < dim M, some gauge transformation does not have the diffeomorphism realization 
like that in AdSi^. 

The initial value is ^ab-ay''' y^y -^ci, • • •) at one point, it is desirable to express it 
in terms of (Vh^, H) as well as its 4d derivatives at that point. 




dxRZ, = 




'OR 


'ab,ci- 


r- +RAl 

ab,c\---Cnp ' gjj 




C1 • • • Cn 


Hp = KW^ 

dxH,= 


dhr 


dK 


OR 


'ab,ci---Cn 




-hc,-c^p)W^W^ + h^d,W^ 


(3.29) 


r and h are functions of (.R“fe ci---c„ 5 In 113.29p . the unknowns are {Rab-cvc„y R-ci -c„)y 
while the number of equations is the same as the number of the degrees of freedom of 
iRpuM-X„ where = 1,2,3,4. (13.111) and (13.121) also impose constraints on 

the off-shell {R2b-ci-cr,y R^ci-cn) to make it have the same number of degrees of freedom as 
iRpuM-Xr,yHM-K)y so in principle, from (|3.29|), {R2b-ci-cr,y Hci-cJ can be solved in terms 
of yH,d,,H,---). 

RX.-c^ = gXc^-cSW^y • • • , if, d.,H, • • •), 


H, 


Ci---Cr 


= ic-cAW’ a,,w;, ■■■ 


The local gauge transformation of (hT“, H) in AdS^ is 

a.w: = ywi 

With fl3.30p plugged in fl3.31l) . 


(3.30) 


(3.31) 


xw“ = ay + a„fv^, ■■■ ,H,a,,H,--- yw;;, 

6 ,H^e‘’vyv;,ayv’,--- ,H,a,,H,---) (3.32) 

gives the local gauge transformation rule of the matter-gravity coupled system (IT", H) in 
AdSy 
Since 

(■Rf,.Rfv, ,■■■ (3.33) 

(IT", H) on the whole M is determined by the on-shell (IT", R^^IT", • • • ,H,dy^Hy ■ ■) aX one 
point, or equivalently, the on-shell (IT", H) in AdSy This is the rheonomy in higher spin 
theory. As is shown in Section 2, although the space is M with the inhnite dimension, the 
physical Hilbert space is still the same as the Ad higher spin theory. Imposing the rheonomy 
condition is a way to project out the physical degrees of freedom. 
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3.2 Group manifold approach to supergravity 

In this subsection, we will give a review of the group manifold approach for supergravity 
[h s [31 m. Some modihcation is made so that supergravity is treated in the same way as 
the above discussed higher spin theory. 

For M = 1 supergravity in the coordinate in group manifold is {x^, , 6^), the 

associated 1-form is e“, ■0“) |^, and the 0-form matter held is H. We have 

dv'* = A dH = Hav'*, (3.34) 

S|J!/bci + filEfSc] = 0. 9,AHBt + HcUb = 0. (3.35) 

where Hb = {Ha, Hf^ab)-, Ha). is the structure constant of the super 

Poincare group Osp{4\l). fl3.34p is invariant under the diffeomorphism transformation in 
group manifold generated by 


= Cd^fBC, kH = eOj^H, S^Ha = ^dj^HA, 

(3.36) 

which, when written in terms of the components, are local Lorentz transformation, the Ad 
diffeomorphism transformation and the supersymmetry transformation respectively. With 
^ , (I3.36P can be rewritten as 


= de^ + 


6,H = e^HD, 6,HA = e^dDHA. (3.37) 


Di 


Until now, no dynamics is involved at all. The dynamical information is brought by 
imposing the suitable constraints on Rbc Ha- Here, the constraints that will be imposed 
are 

(a) Factorization condition Rfab)c = 0 = -^(afe); 

(b) Rheonomy condition and the torsion constraint: 


{i) R^(j 

A ( Tjcd pcd 
— ' BC\^ab^ ^ab,cc ' 

JDOi rya 

5 ■^a6,ci "i * 

■■,H,Ha„-- 

, Ha, Ha-ci 

), (3.38) 

or 






{ii) Rbc 

_ ^A ( Tjcd pcd 

— ' BCK^abT ^ab,cc ' 

jDOi ryOL 

1 -^ab’) ■^a6,ci ’ * 

■■ ,H,Ha„-- 

•) 


Ha 

1 ( rycd r)cd 

— ^A[JXab,-tlabfiir ' 

do; rya 

5 -^ab") -^ab^ci 5 * * 

■,H,Ha„--- 

)• 

(3.39) 


(a) is imposed so that the local Lorentz transformation is undeformed. In (b), the rheonomy 
condition requires that the lower index of the independent fields can only contain a so that 
the whole dynamics in group manifold is determined by that in a Ad submanifold; torsion 
constraint requires that the upper index cannot be a so that can be solved in terms of the 
rest helds. There are two possibilities. In {i), the hnal dynamical helds are {e^^,'ip^,H,Ha) 

®Here, a is the spinor index and should be distinguished from a in the rest sections, which represents the 
adjoint representation of ho{l\2 : [3, 2]). Also, a here is equivalent to the spinor index (a, a) in section 3. 
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in M 4 , which is the situation for A/" = 1 supergravity coupled to the WZ matter. In (ii), the 
dynamical helds are (e“,' 0 ",hr) in M 4 like that in higher spin theory. 

and Ha are polynomials, the coefficients of which should be selected so that some 
scaling relation is respected |3]. The weight of is denoted as w{A), w{a) = 1, w{ab) = 0, 
w{a) = 1/2. The super Poincare algebra [tAi,tA 2 ] = ifAlA 2 ^M invariant under 

tA, ^ (3.40) 


The 0-forms Ha and have the weight —w{A) and w{A) — w{B) — w(C) as follows 


Ha 

-1 


THT TDC TDC 

■^a -^ab -^aa -^cx.j3 -^ab -^aa 

— - —2 —- —1 —1 —1 

2^2 2 


K 0 Rl Rl. Rip 

0 -I -1 


Especially, H, Ha, Ha) have the weight (—2, —3/2, 0, —1, —1/2). {ii) cannot satisfy 

the scaling relation thus should be ruled out. For (i), with the Ha odd terms dropped, the 
most general form of r^fj is 

Ki = 

JdP ^ \P,aTT TT 

<s = 

RL = RZf = Kfi = 0, ( 3 . 41 ) 


where = K*\T{H) are functions of H since H has the weight 0. r*Jl* should be a 

Lorentz invariant to preserve the local Lorentz invariance. Although the torsion constraint is 
also imposed, R‘\q does not need to vanish, see for example [I 6 ]. However, if Ha = TTa = 0, 
Hab — 0, so in pure supergravity case, we do have R\^ = 0. Due to the scaling relation, 
the rheonomy condition is greatly simplihed. For supergravity in ^^54 with the symmetry 
group Osp(4|l), a constant L with the weight 1 is involved. L —)■ cx) gives the flat space 
limit, so only the L~'^ terms with n > 0 are allowed in rheonomy condition. fl3.4ip remains 
valid. 

(13.4111 should satisfy the Bianchi identity 

SisRici + /D[Efi?cl + Adie/bc] + R^eRbc] = 0. + He fie + HcR% = 0. (3.42) 

In pure supergravity situation with FT = 0, becomes 


pbc _ 

^/1 /-V 


= r 


„6c 


\de -Qp 

Kb 


r:, 


aoL \ /3 ^de ’ 

= RL = R% = = Kb = Kb = O- 


(3.43) 


fl3.42p reduces to 


n jdA _ fA tdD fD tdA rD tjA 

C{ab)KQQ — J(^ab)D^BC J(ab)C^BD J(ab)B^DCi 

= 0. = 0. + r:P[Km = 0. 

+ /r.flsfiS"’ = 0, + KRt = 0. 

/|oA + KmK’c = 0. KJbb + !UmK\. = «. KKm^ 


(3.44) 

(3.45) 

(3.46) 


+ Rfjip = 0. (3.47) 
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f|3.44p eives the Lorentz transformation of which can be oreserved in if 

r^aa \'^0 is a Lorentz scalar. 03.451) are Bianchi identities in Ad. 03.46P gives the evolution of 
along the a direction. With 03.46P plugged in 03.47p . can be hxed and the 

Ad equations of motion 

fC - = 0 . = 0 ( 3 . 48 ) 

come out. If we use the on-shell and R^^ satisfying 03.481) to parameterize 03.47P 

will hold automatically. This is in analogy with Vasiliev theory, with parametrized by 
the 0-form 4>" in the twisted-adjoint representation of the higher spin algebra, the Bianchi 
identity is satisfied for the arbitrary 4>“. 

Written as the unfolded equation, 

= ^ifsc + A , 

^■Dcd _ cd A jjDa = r°‘ lA 

ab\c\---CnA^ i ^^^ab-,ci---c„ ab;ci---c„A^ ’ 

^Cl-'-CnA^ ) dH ^«;C1 ■ ■-Cn, A ^ ) (3.49) 


where r, h are all determined by ^BC = ^Bcidiab^ Kb^ Ha, H^) and are functions of (RlL.-cr,^ 

With the OU-shell W;,,glveU at 
one point, R^-cv.-c^y -^ab;ci - c„) - Ha-ci-cn) ^^e whole M can be solved. The local 

gauge transformation is 


^ ^^A ^ fA^Au^, 

A A /?“ = Ar'^ 

^^'‘'^ab]Ci‘“Cn ^ ' a6;ci-"CnA’ ^a6;ci-"Cn ^ ' a6;ci-"CnA’ 

^eHci---Cn ^ ^ci-'-CnA? ■ ■-Cn ^ ^a;ci-"CnA4* (3.50) 

(^at • • • > Hab^ Hab;cv ''' , H, ■ ■ ■ , H^, ''') compose the complete supersym¬ 

metry multiplet. 

In addition to the 1-form the 0-form multiplet is introduced, forming the represen¬ 
tation of the deformed local super Poincare transformation. The physical interpretation of 
the 0-form is the curvature and the matter held plus their derivatives. This is in the same 
spirit as the higher spin theory. Different from the higher spin theory, rheonomy condition 
(13.4ip only contains Raf, Rab, Ha, Ha, so the inhnite length 0-form multiplet does not enter 
into the Ad equations of motion. As a result, the equations of motion for (e“,'0)),-ff,-ffo) 
do not contain the higher order derivatives. One may similarly make a robust requirement 
R'^-y — '^'^'yi.Raby H) aud H) in higher spin theory. However, such (r^.^, h^) may 

only allow the trivial solution = 77 = 0 when the Bianchi identity is imposed, no matter 
how coefficients in (r^.^, h.y) are adjusted. 

Again, 


/ pcd pcd ^ ^ ^ T^a pa ^ ^ ^ TJ TT ... TJ TT . . .\ 

K'^ab’) ■^ab;ci’) ‘ ? -^ab") ■^ab]Ci’) * ‘ ‘ * * * ? -^a;ci? ' ' J 

(e^, ■■■, V>2, ff, A.ff, 


( 3 . 51 ) 
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With the on-shell (e“, H, Ha) given on M 4 , H) on the whole group manifold can be 
determined up to a gauge transformation. 

The dynamics is entirely encoded in function Ha). By setting H to 0, we 


obtain the pure supergravity situation. Alternatively, one can consider the dynamics of the 
0-form matter on the hxed supergravity background by setting to 0. With 
fl3.34p and (I3.35p reduce to 

= \fBC^o ^ ^0^ dH = Hai^o, dyAHs] + HcIab = 0- (3.52) 

Uq describes the intrinsic geometry of the group manifold. The allowed gauge transformation 
parameter should make Pq invariant 

= 9m4 + Ibc^o ^om = 0 - ( 3 - 53 ) 

€q generates the global super Poincare transformation on group manifold. 

6 ,,H = i^d^H = e^Hn, 5 ,,Ha = = e^dnHA. (3.54) 

= ^0- Still, H^ad) = 0. 

d(^ad)H = 0 , 

d(ad)Hc + Hbf^ad)c = 0 , 

d(ad)Ha + H/3f^ad)a ~ (3.55) 

Evolution along [ad) direction is a Lorentz transformation. One cannot assume Ha is the 
function of (i7, i/ci, hfcic 25 ‘ ‘since the scaling relation is not respected. Let a = (A, A), 
one can at most require H^ = 0, which is the chiral constraint for superheld. 


3.3 Imposing the torsion constraint in higher spin theory 

Back to higher spin theory, a further reduction of fl3.33p can be made by imposing the 
following torsion constraint 


= rUd 


H.y = h.y{R\ 


ab ’ ^ab-,ci ’ 

[a(s-l),6(s-l)] p[a(s-l),b(s-l)] 

ab ’ '^ab;ci ’ 


■■ ,H,H 
,H,H,„ 


Cl ) ■ ■ ■ )5 


)• 


(3.56) 


Namely, in (I3.14p . a is restricted to [a(s — l),5(s — 1)] with s = 2,4, •••. In (I3.29p . the 
number of equations is equal to the number of degrees of freedom of {R 2 bci-c„y dlci...c„) but 
the number of unknowns is equal to the degrees of freedom of -^ci-.-cn) now, 

so effectively, there will be some constraints imposed on (lT“,if) in AdS^ whose number 
is equal to the degrees of freedom of r!^^^ i)-^(b] 0 < f < s — 2. It is expected that 

by solving these constraints, expressed in terms of iP). 

In fact, at least in free theory limit, imposing the torsion constraint _ g 
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0 < t < s — 2 can indeed make solved in terms of i)>^(o)] jY^_ fl3.33p 

then rednces to 


/ p[a(s—l),6(s—1)] p[a(s—l),fe(s—1)] fJ fJ \ 

\^ab ’ ^ab-,ci ’ ‘ ’ -”ci, ' ' ' ) 

With in terms of H), (I3.32p becomes 


(3.57) 


^^ty[a(s-l)>ft{0)] _ Q^^[a{s-l),b{0)] gCr^[a(s-l),fe( 0 )] ^yi/[a(r-l),fe( 0 )] ^ Q^^y^{a{r-l),b{ 0 )] ^ ^ 

H, a,, • • • , 77, • • •), 

5,77 = (3-58) 

which is the local gange transformation rnle of AdS^. In free theory 

limit, it is 

= \Y{^^l\Yl^s-l^/|J■s}„asa^r|l^/al■■■as-l,0■■■0 ( 3 . 59 ) 

di ds _1 ds ^ d fjj \ / 

that will hnally appear in equations of motion and the gauge transformation. One may 
expect in interacting case, the hnal dynamics is also expressed in terms of some , 

which can be a more complicated combination of pi/“i -“s-i>o -o. The frame-like formulation 
reduces to the metric-like formulation. 

Altogether, the complete equations are 


fa _ fa { p[' 

7/37 — JpA^ab 

H-, = h-,(Rl 


pi 

’ ^ab;ci 

pk(' 

! -^ab;ci 
[a(s-l),f)(s-l)] 


• ,77,77,,,•••), 

1 n H \ 


[a(s-l),f,(s-l)] _ 
ab-,ci---Cn^ ab-,ci---Cn^ 

^ci---c„7 ~ ^ci-’-Cn-fiRab 


( pk(*-i)7h-i)] 
\^ab 


jj[a{t-l),b{t-l)] 
’ ^ab;ci 


(3.60) 

(3.61) 

,••■ ,77,77,„---), (3.62) 


J pi 


'db]Ci 




(3.63) 


dW^ = A W^, 

dR 


L 

,[a(s-l),fe(s-l)] _ [a{s-l),b{s-l)]y^^ ^ n[a(s-l),fe(s-l)] _ [a(s-l),fe(s 

dh\ci-"Cn dh]Ci-"Cn'y ** ^7'^a6;ci-"Cn, ' a6;ci 


dH, 


Cl ■"Cn 


= k 


dh]Ci-"Cn'y ** ^7'^a6;ci- 

^Ci---Cn7^"^ ^ ^'y^Ci - Cn ^Ci---Cn7’ 


(3.64) 

(3.65) 

(3.66) 


[a(s-l),fe(s-l)] 

' afe;ci---c„[7 [„(<,-!),fe(s-l)] 

^^ab\c\---Cn 


^[a(s-l),fe(s-l)] 
' ab-,c\---Cn[p 


97,^] 


dR 


[a(s-l),fe(s-l)] 

ab\c^---Cn 


(9 7“ 

_|_ h r P”"! _|_ f “ _ n 

-I- '''Ci-c„[7 -I- — u, 

+ = 0. 


+ 7,,,.... 


CV-Cn [p 


977,,..,, 

97,,,] 

977,,..,, 


(3.67) 

(3.68) 


The input is {f^^, h^), from which, all the rest equations are determined. The left hand sides 
of the 4(7 equations of motion (I3.67p - (l3.68p are polynomials of 77,,..,,). For 

the randomly selected (I3.67p - (l3.68p only has the trivial solution = 
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Hci - c„ = 0. A natural question is what might be the maximum on-shell degrees of free¬ 
dom. If one can find such for which, fl3.67l) - fl3.68p is satished for the arbitrary 

-^cr--c„), then there are no Ad equations of motion. This is not quite likely to 
be the case@ By partially solving fl3.67p - fl3.68p . one may determine {f^^,h.y), which, when 
plugged in fl3.67l) - fl3.68p . gives the Ad equations of motion for ^ ^ci-cn)- 

supergravity situation, the procedure is quite simple as is demonstrated in Section 3.2. In 
higher spin theory, the more efficient way is to first determine the on-shell degrees of freedom 
Then with the off-shell expressed in terms of the on-shell <I>“, 

we only need to hnd {f^^, h^) satisfying the Bianchi identity for the arbitrary From 
the on-shell at one point, or the on-shell i7) in AdS^, 

(W°‘,H) on M can be determined via fl3.64p - fl3.66p . With on M solved, the hnite 

local higher spin transformation is the hnite diffeomorphism transformation on M, under 
which, H) in one AdS^ slice is moved to if) in another AdS^ 

slice. The higher spin symmetry is realized as an on-shell symmetry. 

3.4 Relation with the unfolded equation in Vasiliev theory 

With <F“ representing the on-shell degrees of freedom of Hcvcn)^ where a is 

in some representation of the Lorentz group, the unfolded equation becomes 



F“ = F“(<F"), 

(3.69) 

dW^ = A WA 

d4>“ = F|IU^, 

(3.70) 

jp/3 ■'per] ^ fa fd _ n 

dFA . 

pp A. TP°‘n — n 

5$^ 

(3.71) 


It remains to hnd the suitable F°) with the Bianchi identity fl3.7ip satished for the 
arbitrary d)". Under the held redehnition $“ —)■ (p" = (p"($'^), —)■ 

In Vasiliev theory, 4)“ ~ <j)k(«+"')>^(s)] jg the twisted-adjoint representation of the higher 
spin algebra. fl3.69|) is obtained by solving the Vasiliev equation order by order. fl3.7ip is 
then automatically satished for the arbitrary 4>“. Let us make a comparison between 

= U {Bl;<y‘y'‘-''y = 2,4,...,n = 0,l,...} (3.72) 

and s = 0, 2, • • • , n = 0,1, • • • }. The two have the same number of indices, but 

the former is the oh-shell held while the latter is on-shell. With the Ad equations of motion 
imposed on fl3.72p . the two may contain the same number of degrees of freedom. 

Fields in the twisted-adjoint representation and the adjoint representation are related via 
the action of the Klein operator [6] 

^ *K = , (3.73) 

it is true, then the 4(i local HS gauge transformation (I3.58p can be closed off-shell (for the arbitrary 
^la{s-l).b{0)] AdSA- 
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where = {p is a constant matrix. For $ in adjoint representation, 

i.e. <F" ~ it is possible to let [5], fl3.69p - fl3.7ip reduces to 

(3.74) 

dw“ = A w'^, dt“ = (3.75) 


^ FlJ po-\ 


0 . 


(3.76) 


With <F" —)■ <F", fl3.69l) - fl3.7ip is recovered for k^;:^ = PaP^fp'y- = <l> = 

H, = d^H = Hfi = 

With f|3.69l) -fl3.7ip at hand, we have = /^.^(<h‘^) - fp^, Hp = Fp{^^) since 

dd) = FpW^. Especially, 

(3.77) 


R 


[a(s-l),6(s-l)] _ ^[a(s-l),6(s-l)]^^5- 


'ab 


'ab 


( 4 >»), 


= 4, 


and subsequently. 


p[a(s-l),fe(s-l)] _ p[a(s-l),fe(s-l)] 
^ ■^a6;ci"-Cn 


b;ci-"Cn 

where = F“(<F'^) is used. 

,[a(s-l),b(s-l)] 


(4"). 




(3.78) 


= ^’7(‘I>9 (3.79) 

Let us return to the discussion below fl3.68p . With fp^ and h-y determined by the Bianchi 
identity, fl3.67p - fl3.68p may still have further constraints on i7ci-c„), which 

are the 4d equations of motion. Alternatively, one may use the on-shell to parameterize 
the off-shell ^ ^ci-cn) is in fl3.78p . Ad equations of motion are then solved 

automatically, fl3.67p - fl3.68p does not impose any constraints on <F'^. The key step in group 
manifold approach is to get the rheonomy condition and the 4d equations of motion from the 
Bianchi identity. For higher spin theory, the on-shell degrees of freedom form the twisted- 
adjoint representation of the higher spin algebra, while the Vasiliev equation gives an elegant 
way to solve the Bianchi identity. The solution for (fF“, H) in M is characterized by the on- 
shell idci-.-c^) at one point, or by the arbitrary <F“ at that point. Nevertheless, 

it is idci-.-cn) that has the physical meaning. We are free to make a change 

of the variables (p" = (p"(<F'^) to use (p" to parameterize Hcy-cr,)- The good 

variables are those which are as relevant to i7ci...c„) as possible. 

The nonlinear higher spin theory should also have the proper free theory limit that is 
equivalent to Fronsdal theory |TH1 Il9]. In free theory limit, the equations of motion in 
fl3.6np - fl3.68p become 


dW" - A - /„" hF“ A = ^R2bW^ A IF^ 

7 p[a(s—l),b(s— 1 )] k(s—1)] Ti/(c(i) I 1)] TI7C 

«7ta6;ei...C77 -^ci-cAcrf) ^ + Kb-.c^-c^c ^T, 

+ ide,..c 


■CnCn+1 


ab-,Ci-"CnC 
PPC77+1_ 


(3.80) 

(3.81) 

(3.82) 
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Since and K,...c„icd) = d(^cd.)Hc,...c„ give the local Lorentz 

transformation, (I3.8ip - (l3.82p can be rewritten as 


r)[a{s — l),b{s—l)] _ T^C„+1 

^^ab\Cl---Cn, ^ab-,Cl---CnCn + l ’ 

DH = H 

-'-'ci-'-CnCn + l 5 


(3.83) 

(3.84) 


where D is the standard covariant derivative with the connection lyh'^) ]j}j = d^j = HcW^. 
For the theory to have the correct free theory limit, there will be 


R. 


a(s—l),fo(t)] 


ab 


= 0 


for 


t ^ s — 1 


(3.85) 


so that fl3.8np becomes 

nwHs-i)Mt)] = yira a T^[c(s-l),d(t+l)] I ^[a(s-l),b(t)] 

J /\ rr W J r / 1\ rr /\ vv , 


' a[c(s—l),d(i— 1 )] 

nu/b(s-l):b(s-l)] _ fHs-l),b{s-l)] T^a A ^T[c{s-l),d{s-2)] , ^ » yt^b 

~ Ja\c{s-l),dis-2)]''^ ^ 2 Cih ’ 


' a[c(s—l),(i(t+l)] 

[a(s—l),fo(s—1 
j[c(s—l),d(s—2)] ' 


(3.86) 


where t < s — 1. (I3.85p is also called the “central on-mass-shell theorem” [20] |2T] . In Vasiliev 
theory, satishes fl3.85p at the hrst order of the <F“ expansion. 

Since the adjoint representation and the twisted-adjoint representation are related by a 
Klein transformation which is invertible, we may try to nse 4>“ to parameterize as is in 
(I3.74p . If we fnrther make a restriction that fl3.75p can be written as 

dW = H{W,^), d$ = F(lK,$) (3.87) 


with H{W, <F) and F{W, <F) polynomials of hF = W^ta and 4> = the solntion for fl3.76p 
can be easy hxed, which is given in Appendix C. Althongh the Bianchi identity is satished 
for the arbitrary <F“, fl3.85p does not hold at the hrst order of the <F" expansion, so the theory 
does not have the correct free theory limit. 

Satisfying the Bianchi identity for the on-shell ^ ■■■€„) cind giving rise to 

the correct free theory limit are two reqnirements for It is nnclear whether the 

reqnirements can nniqnely hx {f^^, hj) or not. Starting from the the rheonomy condition 
fl3.14p in Section 3.1, one may get fl3.30p with no torsion constraint imposed on IF". The 
torsion constraint is jnst fl3.85p . or concretely. 


n[a(s-l),fe(t)] 

^ab 


KOI 


= for i/s- 1 , 


(3.88) 


which will make IF" rednce to and also gnarantee the correct free theory limit. 

In this case, having the correct free theory limit and satisfying the torsion constraint are 
the same thing. If there is snch (I3.14p . for which the Bianchi identity on (7?“^.^^...^^, i7ci --c„) 
reduces to the Ad eqnations of motion, then by setting r!^^^ to 0 for t 7 ^ s — 1, we will 

get fl3.56p satisfying the Bianchi identity for the on-shell ^ci-cr,) and having 

the correct free theory limit. (I3.85p holds exactly in this sitnation. 
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Finally, we will have a heuristic discussion on the group manifold approach to conformal 
HS theory. 3d conformal HS algebra and AdS^ HS algebra are the same, so the corresponding 
group manifold is also M. The equations are still 

dW^ = A W'^, dH = H^W^. (3.89) 

The submanifold of interest is not AdS 4 ^ but dAdS 4 ^ C 9M. The solution of the unfolded 
equation in M is determined by the value of the 0-form multiplet at one point. In previous 
discussion, this point is selected at the bulk of AdS, but now, it should live at dAdS. The 
generated solution will remain at the near boundary region, since an infinite evolution is 
needed to move from the boundary to the bulk. The rheonomy condition and 

in Vasiliev theory may undergo a reduction at the boundary with the role of 

played by a smaller set of 0-forms so that the solution at the near boundary region is 
determined by the dynamical fields in 3d. 

In ho{l\2 : [3,2]), the dilaton is to ,4 = D- If is convenient to choose the basis {t^} with 
the dehnite conformal dimension, i.e. [D,ta\ = iA^oda- For example, the basis of so(3,2) is 
{D,Pi,Ki,Li j} with i,j = 1,2,3. The dynamical helds are IF,)) in 3d, m = 1,2,3 [22] . 
Here ii - ■ ■ ig^i refers to the index of the spin s generator with the dimension 1 — s. 

There is a conjecture that the conformal HS theory at dAdSd+i is related to the HS 
theory in AdSd+i with the action of the conformal HS fields for even d equals to the loga¬ 
rithmically divergent term of the action of HS fields in AdSd+i [23l [23] . In [15] , the unfolded 
equation for a 3d conformal HS theory coming from the boundary limit of the AdS 4 Vasiliev 
theory was considered. It was shown that at dAdS^, ^ 0 only when 
The condition could make expressed in terms of the dynamical field without 

imposing constraints on the latter. Correspondingly, in fl3.56p . the independent 0-forms are 
{Rij, R?j-kiy ■ ■ ■ TTfci, ■ ■ ■) ioY ta = s = 2, 4, • • •. This is consistent with the fact 

that in odd dimensions, the conformal HS theory is trivial with no equations of motion 
imposed on dynamical fields [2211211125] . 

On the other hand, in even dimensions, dynamical fields should satisfy Fradkin-Tseytlin 
equation [26]. The unfolded system of Fradkin-Tseytlin equation was formulated in [271I28] . 
where the 0-form multiplet is Weyl module generated by Weyl tensor, which, according to the 
terminology of [22], is the ground field strength. Equivalently, the 0-forms in fl3.56p should 
now be taken as ''' > ddkit ■ ■ ■)■ In free theory limit, i?"- = 0 

if < 0, with Aq, > 0 can all be expressed in terms of the derivatives of the Weyl 
tensor jg somewhat different from [15] for 3d, where = 0. It 

is interesting to consider the 4d conformal HS system arising from the boundary reduction 
of the Vasiliev equation in AdS^ in analogy with [I5]. In free theory limit, the obtained 
equation is expected to give the unfolded system of Fradkin-Tseytlin equation [271 [28]. The 
boundary value of the AdSd+i HS fields was considered in [251 EH] in the ambient approach, 
where it was shown that for even d there is an obstruction for the bulk extension unless the 
conformal HS helds at dAdSd+i satisfy the Fradkin-Tseytlin equation. In this case, the near 


20 






boundary expansion of the on-shell AdS held (see, for examaple, [30]) does not have the 
logarithm term, which is required in the unfolded formalism, which in the minimal version 
does not allow for logarithmic terms to cancel the obstruction. 

The unfolded equation for the Ad HS theory is invariant under the local Lorentz trans¬ 
formation SO{3, 1), i.e. Rfab)'y ~ [13’ possible to impose the suitable boundary 

condition so that = 0. If the conclusion can be extended to = 0, then the dilata¬ 

tion is unformed. Moreover, the original HS theory already have the undeformed SO{3, 1) 
local Lorentz transformation, so by a naive counting, it seems that the inhomogeneous Weyl 
group XW generated by {D, Ki, Lij} can be undeformed at the boundary. In this case, the 
evolution along the fo,4 direction is a conformal (gauge) transformation and the dynamics 
is reduced from Ad to 3d. It remains to see whether there are consistent nonlinear unfolded 
equation for the conformal HS theory meeting this requirement. At least, the 3d local Lorentz 
transformation is undeformed. 

3.5 The extended action principle for higher spin theory 

In group manifold approach to supergravity, instead of imposing the rheonomy condition 
directly, one may construct the extended action whose variation gives both the rheonomy 
condition and the 4d equations of motion |3]. 

For example, in TV = 1 supergravity, the extended action is of the form 



J MiCM 


where M4 is a 4d submanifold of the superspace m|^ and is a local Lorentz invariant 
4-form in M constructed from via the exterior differentiation and the exterior product. 
Variation of S with respect to both and M4 gives 



(3.91) 


is a 3-form that should vanish all over M. K^^\z) = 0 contains both the rheonomy 
condition and the 4d equations of motion. The concrete form of is 


= eabcdR"^ ^ p'' ^ p"^ + A'4) ^ A 


(3.92) 


where 

For higher spin theory, if the extended action exists, it takes the form 



(3.93) 


can use the group manifold M instead of M, but the result is the same due to the factorization 
condition. 
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where is a 4-form invariant nnder the local Lorentz transformation. 


A J (‘^) 

'' '' ( 3 . 94 ) 

A?’ = 0 « A'Sw = 0- (3-95) 

/qX 

We need to hnd the conhguration on M with Ka = 0 everywhere. Still, the on-shell 
solntion on M is characterized by the on-shell solntion on M 4 . M 4 —)• M 4 is a diffeomorphism 
transformation on M that is eqnivalent to the deformed higher spin gange transformation. 
The eqnation ^ = 0 is on-shell gauge invariant. Off-shell higher spin invariance has the 
further requirement = 0 [3]. Although the on-shell gauge invariance is automatically 

guaranteed, for the generic = 0 only has the trivial solution = 0 , so the 

question is whether there is for which, the related = 0 has the nontrivial solution 
or not. In supergravity, having the nontrivial solution also puts the severe constraint on S. 
In the simplest situation, if 

AR^ + AW^ A W'-^ + A IT^ A IT^ A IT'" (3.96) 

with K constants, then 

-^CT[a/ 37 ] ~ -l-fi:p[^..y/^j^-|-4Ko-[Q^^]. (3.97) 

fl3.97p imposes a set of linear relations among R^^^, which, when plugged into the Bianchi 
identity, may only allow the trivial solution R^^ = 0. The more general form of is 

■■■)WPAW^AW^AW^ (3.98) 

including an inhnite number of derivatives. = 0 are functions of {R'^^,d\R'^^, • • •). 

With R'^^ = /^.^(‘h'^) — plugged in, should automatically vanish for the arbitrary 

if it is the action from which, the Vasiliev equation comes out. However, it is too 
complicated to £x the exact form of fl3.98|) . 

3.6 Dynamics of 0-form matter on group manifold with the fixed 
background 

(I3.6np - (l3.68p describes the coupling of the spin 0 matter H and the spin 2,4, • • • gravity held 
IT". Under the local gauge transformation, which is the deformed higher spin transformation 
as well as the diffeomorphism transformation on M, spin 0,2,4, ••• fields mix with each 
other. To describe the dynamics of the 0-form matter on M with the hxed background, 
the matter-gravity coupling must be turned off. One may let = 0, then lU,^ gives the 
intrinsic geometry of the group manifold M discussed in Section 2. The equations of motion 
reduce to 

d^o - \fM^o A = 0, dH = i7„IUo" ^ = 0. (3.99) 
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The allowed gauge transformation parameter should satisfy 

KKm = + /ftfhuy, = 0 , (3.100) 

generating the global higher spin transformation on M. 

= e^d^H^. (3.101) 

(13.10011 is integrable due to (13.9911 with the solution characterized by eg at one point. With 
eg satisfying (I3.100p . (I3.99p is invariant under (I3.10ip . [eg,eo]" = /^^Cge^f. The structure 
constant is undeformed. 

The next step is to impose the suitable rheonomy condition and derive the unfolded equa¬ 
tion so that the solution on M is determined by the (on-shell) helds in lower dimensions. In 
the following, we will consider two kinds of the rheonomy conditions which will make the 
hnal dynamics reduce to Ad and 3(i respectively. The former gives a system equivalent to the 
linearized Vasiliev theory expanded on the background which also has an abelian local 
gauge symmetry invisible if we only focus on the equation for curvature. The latter comes 
from the ?)d free massless scalar held theory at dAdS^. Since the 3d scalar forms the repre¬ 
sentation of the HS symmetry, it is possible to extend the scalar from 3d to (the boundary 

region of) M with the global HS transformation realized as the isometry transformation. 


3.6.1 The 4d global HS invariant system 

Recall that in section 2, (I2.22p and (12.251) are obtained. With 0{Z) replaced by H{Z), frorr0 


do---Oai---aa,bi---bs+k^ 


,2s+k-2r 

E 

r=0,2,'" ,s 


^Cl---C2r+t 

^0---0ai---a3,bl---ba + k0,C2r+t'^0,C2r+t-l ■ 


r) 

'^0ci---Cr,Cr+l---C2r+l 


H, 


(3.102) 


dg...n„l...„l • • • d()...n„P...„P hP...hP H 

~ ^ A(ai • • • a^, 6i ■ ■ ■ bs+k)do,ba+kdo,ba+k-i ■ • • doai-asM-bs+iH 
for the constant G and A, the suitable rheonomy condition can be taken as 


,2s+k-2r 

Ho—Oai—asM—bB+k ~ ^ ^ 

r=0,2,--- ,s 


^Cl---C 2 r+£ TT 

+ [0ci---Cr,Cr+l---C27-+l];C2r+2'"C2r+t 


for s even, k odd, r even; HQ...Qai-asM-bs+k = 0 for s odd, k even. 


ddi 


[0ci---Cr,Cr+l'"C2r' + l];C2r+2---C2r' + t ^C2r' + t ' ' ' ^C2r+2-^[Oci ■ ■-Cr .Cr+l ■ ■ •C2r+l] 


(3.103) 


(3.104) 


(3.105) 


11 


()3.102p is the generic expansion, among which, some terms may vanish as is explained in Appendix B. 
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According to the previous decomposition a = {A,Q), OqH = Hq = 0, so 


OqHa = -ISaHe. (3.106) 

The evolution along the Q direction is a gauge transformation. The rest Bianchi identity is 

BaHe = OeHa, (3.107) 

which is of course satished since fl3.104p is obtained from the scalar operator 0{Z) on M. 
Based on (13.1021) and fl3.103p . one may get the unfolded equation 


daH[Oai---as,bi---bs+l];ci---Cn ~ h[Oai---asM---bs+l]-,ci---Cna 
daHc^-Cn hci-’-CnCt 

dH^Qai---as,bi---bs+l],ci---Cn ~ h[Oai---as,bi---bs+l],ci---Cna^o 


(3.108) 


where h[oai...a., 6 i-fe,+i];ci-c„a and hci...c„a are functions of {i7ci-c„, hf[oai-a„ 6 i-fe,+i];ci-c„|’^ = 
0 , 1, • • • ; s = 2,4, • • • }. So the value of (i7[oai-a,,bi-b,+i];ci-cn) -^ci-c„) at one point determines 
its value on M. Alternatively, (77, 77[oai 02 , 616263 ] 5 -^[ 0 ai...a 4 ,fei...b 5]5 •••) on ^<754 determines its 
value on M. 

The complete Ha is exhausted by Hq = 0 and (13.1041) for Ha- One may also add 
HQ-Qai-a^M-bs+k with s eveu, k even, which, together with Ha, forms the twisted-adjoint 
representation of the higher spin algebra. According to (IB.101) . for s even, H^Qai-asM-bs+i] 
and i7[ai...a,,6i .6q are related via 

77[Oai...as,6i..-6s+i] ~ ^ ^ ^6s+i77[ai...as,6i■■■6s] + ‘ ‘ ' (3.109) 

{6i---6s+i} 

So (77, 77 [oaia 2 , 6 i 6263 ],''') In AdS^ is also equivalent to the held (77, 77 [a^a 2 , 6 i 62 ])''' )> which is 
an irreducible representation of G[7.o(l|2 : [3,2])]. 

The relation fl3.104p is obtained from the operator 0{Z) on M. We may get the simi- 


lar relation from the linearized Vasiliev theory, where H[ai---as,bi---bs] ~ 7?^i. 
interpretation as the linearized curvature. Consider 

-asM-bs gets the 

= l/s" w-'o'* A ws 

(3.110) 


(3.111) 

dW^ - A = ^77“^,($")Wo^ A 

(3.112) 


which is the linearized version of the Vasiliev equation fl3.70p expanded on background Wq 
with hh" the huctuation on it. k'^- = PaP^fp^ is a constant. is the lowest order term 

of F^($'^) = in fl3.69p . 7?j(g^ is the hrst order term of the polynomial /^,y(*h‘^) in 

639. i.e. + 0(4"). 
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fl3.110p - fl3.112p are consistent if 


dR 


l[a/3 


- RUJS-., = 0 


Q(^P 7]x •^p[« 1^7] HplaJ 

ua 7 7_ _ ya iRf I fx ua_ ^ r, 

^^7 p/3 J ^ 


(3.113) 

(3.114) 


which is indeed the case dne to the vanishing of the the hrst order part of the left hand side 

of nm]). 

fi3.llip - fi3.li2p are invariant nnder the global HS transformation generated by = 
^o^oa preserving the backgronnd Idd 


0 • 


+ n/M =0 

as is in 03.1001) . 

51^0“ = 0, 


(3.115) 






(3.116) 


There is also a residne local HS transformation 


SW^ = de“ + = De^, 6W^ = 0, = 0, 6R^p„ = 0, (3.117) 

which is invisible if we only focns on the eqnation for the 0-form. Intnitively, it seems that 
the global HS transformation for IT" and R’lp^ shonld be and 5i?ipcr = 

f'^^e^R'lp^^ which, however, is not consistent with the transformation law of <l>“. The global 
HS transformation is a diffeomorphism transformation other than a gange transformation. 
Let ns hrst consider fl3.11ip . H = ^, dpH = dp^ = kp^^"^ = Hp. In particnlar, 

OaH = dA^ = kAp^^ = Ha = 4>a, OqH = = kgp^^ = Hq = 0. (3.118) 

ft (f,[ai---as+t,^>l---6s] _ 7 [ai---as+t,6l---bs] j:r,[ci'"Cs+t+l,<ii---da] , j^lai---a3+t,bi---bs] ^[ci-"Cs_).t_i,di---da] 

^ b [ci'"Cs_).t+i,7ii'"ds] b [ci'-'Cs+t-iidi-'-rfs] 

(3.119) 

From fl3.119l) . we have 

Q ^[ai--'as,6i'"bs] _ j^ai-’-asM-'-bs] ^[ci--.Cs+i,di---7is] 

a ^[ai---as+i,bi---6s] _ j^[ai---as+i,bi---ba] ^[ci-"Cs+2,(il'"rfs] i Ra.i---as+i,bi---ba] ^[ci---Cs,rfi'"ds] 

^b [ci---Ca+2,dl---da\^ ' ^b [ci---Cs,rfl---ds]^ ’ 

g ^[ai---as+2,bl---bs] _ 7 [ai'"as+2,bi-"6s] ^[ci-..Cs_|. 3 ,(ii---ds] , 7 [ai'"as+2,bl---bs] ^[ci-..Ca+i,di---ds] 

b '^b [ci'"Cs+3,di---ds]^ ' ^b [ci-"Cs+i,di'"ds]^ ’ 

. (3.120) 


^[a(s+l),b(s)]^ _ ^[a(s+l),b(s)] ^ gb^[a{s),b{s)] ^ 

^[a(s+2),fe(s)]^ _ ^[a(s+2),fe(s]) ^ ^b^b<J)[a(s),b(s)] _j_ ^[a(s),b(s)] ^ 

^[a(s+3),ft(s)]^ _ ^[a(s+3),ft(s)] ^ gbgbgb^[a{s),b{s)] _j_ ^6^[a(s),b(s)] ^ 

. (3.121) 
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Compared with the previous discussion on Ha, H[ai...a„,bi-bs] can be identihed with 
03.1211) is also obtained in [12] by considering the 0-th level unfolded equation of Vasiliev 
theory, which is just 03.11ip . 

In the interacting theory, 


Of ^b'l'y 5 


fel7 






''b2p ■ 


(3.122) 


From 03.122p . {<F“ ~ can be expressed in terms of {5;,^, • • • in a 

complicated way. 

The interpretation of as the linearized curvature comes from 03.1121) . For the 

background geometry Wq in M, one can always choose a particular gauge so that in AdS^^, 

w-y;', 0,0,...}, (3.123) 

where hFo^ and are the vielbein and the connection charactering 24^54 geometry. 

03.ir2p becomes 03.86P with ^ ^[a(s),b(s)] linearized Weyl tensor in free 

higher spin theory. 03.110p - 03.112p indicates that not only the interacting HS theory (Vasiliev 
theory), the free HS theory (Fronsdal theory) can also be consistently extended to M with 
the symmetry reducing to the global HS symmetry and an abelian local HS symmetry. 

Fronsdal equation for metric-like helds is invariant under the local HS transformation. A 
natural question is whether there are any manifestations of the global HS symmetry. Note 
that the “central on-mass-shell theorem” is the necessary condition for the linearized Vasiliev 
equation to reduce to the Fronsdal equation. In Vasiliev theory, 

^ Q for ty^s-1 (3.124) 


is valid as a function equation independent of the position in M. So the “central on-mass-shell 
theorem” is preserved under the global HS transformation, which is just a diffeomorphism 
transformation on M. Under the global HS transformation, we move from one AdS hber to 
another, with the Fronsdal equation satished as well. However, the transformation is on-shell 
and nontrivial, since we must hrst solve IF" all over M and then perform fl3.116p . More 
explicitly, the transformation law of hF“ in AdS 4 ^ is 

= + (3.125) 

Suppose N = for simplicity, we may let = 0 in AdS^, then from fl3.112p . 

+ (3.126) 
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with the constant. <h°' can be expressed in terms of the 4d deriva¬ 
tives of <|)[“(«)>^(s)]^ which, in tnrn, is determined by and thns The right 

hand side of (I3.126p is a complicated Ad linear differential operator on i)'^(o)] How¬ 
ever, ^ simplihcation condition = 0 is not preserved. In contrast to 

the gange held, the global HS transformation law of the Weyl tensor in Fronsdal theory is 
straightforward. 


13'y ^0 ’ 


(3.127) 


where can be written in terms of the Ad derivatives of via the relation 71^$“ = 


It is well-known that the linearized Vasiliev theory is global HS invariant. By extending 
the space from AdS^ to M, the linearized Weyl module of the free higher spin theory can be 
compactly interpreted as daH, the outer derivatives of a single scalar held H on M. 


3.6.2 The 3d global HS invariant system 

The above Ad global HS invariant theory also has a local gauge symmetry. The genuine 
global HS invariant system without the local gauge symmetry is the 3d massless free scalar 
held theory living at dAdS^. In 3d free CFT, let 0 be the operator for the dimension 1/2 
massless scalar and consider (j){X) = g{X)(l){0')g{X)~^, V g{X) E G'[ho(l|2 : [3,2])]. In 
contrast to 0(0) in the bulk, 0(0') is at the origin of dAdS^, so for the hnite X, 0(X) is still 
at the near boundary region of M with X the coordinate. 

Scalar held at the near boundary region of M also forms the representation of G[ho(l|2 : 
[3,2])]. -tda(j){X) = [g„(X),0(X)]. For Q E so(3,2), 

[KUO'), 0(0')] = 0, [P^(O'), 0(0')] = -*d^0(O'), 

[QmUO'), 0(0')] = 0, [Qo,4(0'), 0(0')] = -^0(0'). (3.128) 

Generically, in 3d free CFT of the scalar 0, we have the relation 

s„^(0') = i|<3„(0'),,#.(0')] = ■"[-P..(0').<#'(0')1 • ■ ■], (3.129) 

k 

where ik = 1,2,3, p is the constant, because ho(l|2 : [3,2]) can be realized as the quotient 
of the enveloping algebra of so(3, 2) [13] (for HS algebra of any classical Lie algebras and in 
particular, sp 2 Ar, sojy and sIat, see [Hj). As a result, the relation 

d^MX) = ia.(2f). ■ ■ ■ lajT:), ^(X)] •■■1 = 5 ; pT'-^di, ■ ■ ■ d.MX) ( 3 . 130 ) 

k k 

is valid everywhere at the boundary region of M for the constant p. 3d equations of motion 
for 0 are also implicitly imposed by (13.1301) . The derivatives of 0 in outer space can be 
expressed in terms of the derivatives of 0 in inner space {dAdS/^). This is not possible in 


27 






fl3.102p . because the scalar field in AdS 4 ^ cannot form the representation of the HS symmetry. 
One must introduce the higher spin fields, which, in fl3.1U2p . is reflected by dQci-cr,cr+vc 2 T+i- 
Return to fl3.99p - fl3.10ip and restrict to the near boundary region with H replaced by 0. 
From the rheonomy condition 

•#>« = ... (3.131) 

k k 

one may get the unfolded equation 


where is the linear combination of {0, 0*^, 0 *^* 2 ) 

The Bianchi identity 


(3.132) 

• • } with the constant coefficients. 








'^3V3nl 


+ — 0 


(3.133) 


is satisfied. From the on-shell {0, 0*^, • • • } at one point, or equivalent, the on-shell 0 in 

dAdS^, 0 in the near boundary region of M can be determined. fl3.132|) is invariant under 
the global HS transformation 




(3.134) 


In conclusion, to construct a theory with the global HS symmetry, we may try to find an 
unfolded equation like fl3.108l) and fl3.132p for a 0-form multiplet on M with the background 
geometry Wq. The equation should be integrable with the only dependence on M comes 
from the 0-form and the 1-form Wq. Therefore, it is of course diffeomorphism invariant. 
The global higher spin transformation is a special diffeomorphism transformation preserving 

fFo“ 


4 Discussion 

In supergravity, the rheonomy condition is simply R^fj = ricWb^Kb^H.H^). Never¬ 
theless, the most generic rheonomy condition in group manifold approach takes the form 
of (11.41) and fl3.38p with all orders of derivatives included. If we make a similar trunca¬ 
tion if) in higher spin theory, then with plugged into the 

Bianchi identity, we will get the Ad equations of motion, which, when expressed in terms of 
H)., do not contain derivatives higher than two. However, it is quite likely that 
such equations may only have the trivial solution R^^^^ = ii = 0 no matter how the 

coefficients in function are adjusted. To allow for the nontrivial on-shell degrees of free¬ 
dom, higher derivatives must be included so that R'^^ at one point is effectively determined 
by H) on the whole AdS 4 . The Ad equations of motion for ii) 





















will also contain an infinite number of the higher derivative terms which make the theory 
nonlocal. 

To write the unfolded equations fl3.49p and fl3.64p - fl3.66p . the inhnite 0-form multiplets 
are necessarily involved in both supergravity and higher spin theory, since the solutions 
on the whole M, including M 4 /AdS 4 ^, are characterized by the on-shell 0-form multiplets 
at one point. For higher spin theory, the on-shell -^cr--c„) is equivalent to 

{<F[“(*+"')’^(^)1}, so the solution on M is also characterized by the arbitrary at 

that point. Merely based on group manifold approach without the knowledge of Vasiliev 
theory, we will finally arrive at fl3.60p - fl3.68p and then face the problem of hnding the proper 
rheonomy condition that could solve the Bianchi identity, allow for the maximum on-shell 
degrees of freedom and have the correct free theory limit. It is Vasiliev theory that gives 
the solution meeting all these requirements. A question is whether there are other solutions 
or not. In Appendix C, we give a rheonomy condition (for the bosonic higher spin theory) 
satisfying the Bianchi identity with the on-shell degrees of freedom {$“}. However, the 
correct free theory limit is not recovered and the local Lorentz transformation is deformed. 

In superspace with the hxed background geometry, the local super Poincare symmetry 
reduces to the global super Poincare symmetry. With the chiral constraint imposed, the 
component expansion of the scalar superheld in superspace gives the spin 0 and 1/2 fields 
{H, i/") in M 4 . For higher spin theory, one can fix the background geometry of M and 
then study the scalar held FT in M with the global higher spin symmetry. The component 
expansion of H gives the spin 0, 2,4, • • • helds {H, Ff[aia 2 , 6 i 62 ]> ^[aia 2 a 3 a 4 ,feib 2 b 3 fe 4 ]> ■■■) in AdS^, 
which, however, are not the gauge helds but the linearized Weyl tensors of the free HS theory, 
since the massless gauge helds are not the Lorentz tensor. Restricted to the near boundary 
region of M, it is also possible to impose the rheonomy constraint so that the component 
expansion of H only gives the spin 0 held H in dAdS^. This is because although the Ad spin 
0 , 2 ,4, • • • helds all together form the representation of the HS symmetry, the 3d spin 0 held 
alone forms the HS representation. 
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A G[ho{l\2 : [ 3 , 2 ])]/^ from the CFT operators 

The minimal bosonic higher spin theory in AdS^ is dual to the 3d 0{N) vector model 
[32] . The conserved charges in both theories form the algebra isomorphic to ho{l\2 : 
[3,2]). The duality requires that the states and the operators in CFT and the bulk theory 
can be identihed, so in the following, we will use the operators in CFT to represent their 
counterparts in Ad HS theory. Suppose {Qa ~ are charge operators in 
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CFT corresponding to {ta ~ - il2.2l) . A^^Bk = 0,1, 2, 3,4. The explicit 

form of Qa can be found in [SB]- The CFT realization of the bulk local held operators is 
usually constructed as [3ll [35l [36] 

4>(a;) ^ j dX K{X\x) 0{X) (A.l) 

in large N limit, where <F(x) is the bulk held in AdS, 0{X) is the boundary operator in 
CFT, K{X\x) is the boundary-bulk propagator. <F(x) like this of course satishes the free held 
equation in AdS, which is acceptable when N —)■ oo. In this section and the next one, we 
will construct the spin 0 held operator and the spin s linearized curvature tensor operators 
in AdS for s = 2,4, • • •, using the CFT operators in [SB]- 4 = 1, 2, 3. Oi,^...i^{x) only 

contains the positive frequency part, but it is enough for the present use. 

For AdS 4 parameterized hj x^ — x^ — x^ — x^ + xl = 1, let Qa,b be the generators of 
50(3, 2), then for an operator 0{x) with s = 0, 

[Qa,b, 0(x)] = i{xAdB - XBdA)0{x). (A.2) 


Without losing of the generality, let us consider a point 0 in the bulk of AdS^ with the 
coordinate x^ = 1, x^ = ■ ■ ■ = x'^ = 0. 

[Qm,n, 0(0)] = [QmA, 0(0)] = [Km - iPm, 0(0)] = 0, (A.3) 

where m,n = 1,2,3. {QoAyQo,m} C A'(O) generates the tangent space along AdS^. From 
(1A.3I1 . according to the operators constructed in [33], 0(0) is solved as 

CM = E (2fc + l)!! M.4) 

In [52], the generic elements of ho{l\2 : [3,2]) can be written as 

with ruk, Uk, ik = 1, 2, 3, so 

[Qmi---mp,ni---nqy (A.6) 

One can choose the basis {Q} of ho{l\2 : [3,2]) with the dehnite conformal dimension. 

[D, Q] = -iXQ, [D, Q+] = zAQ+. (A.7) 

Let Hq = Q + , Hq = i{Q — Q~^), there will be 

[Hq, 0(0)] = 0, [Hq, 0(0)] = 2t[Q, 0(0)]. (A.8) 

a[E{0)] = {Hq}, K{0) = {Hq}. Moreover, 

[{Hq}, {Fq}] C {Hq}, [{Hq}, {Hq}] C {Hq}, [{Hq}, {Hq}] C {Hq}. (A.9) 
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M is a symmetric space. 

For ho{l\2 : [3,2]), there is an involution a 

a{Q) = g+ (A.IO) 

with = 1. a has the eigenvalues 1 and —1 with {Hq} and {Hq] dehned above the 
corresponding eigenspaces. 

Hl|2:[3,2]) = {h/Q}©{^Q}. (A.ll) 

Under the Wick rotation, —)■ the action of a is then a : ix^ —)■ —so 

a[Em = {Hq} = {to. 

) ^0'"0aia2a3,fei---fes-l) ' ' ' ) }) 

K{0) = {Hq} = {to-0,bi-bs-l^to- ■■0aia2,6i---fes-n ‘ ' ‘ ; ^0ai---as_2,fei'"6s_i }• (A.12) 

The decomposition is consistent with fl2.3p and fl2.4p . 


B CFT realization of the spin s linearized Riemann 
tensor operator in AdS^ 


In radial quantization of the 3d 0{N) vector model, for each s = 0, 2, • • •, there is an unique 
primary operator with spin s. 

^ [^2,0,,..,.(O')] = 2(s2 - 1)0,,..,^(O'), (B.l) 

where C 2 is the Casimir operator, = 1, 2, 3. Here 0' represents the origin in the bound¬ 
ary CFT and should be distinguished from the 0 in Appendix A. • • • c?^„Oij...j^(0')|s = 
0, 2, • • • ; n = 0,1, • • • } forms the complete basis of the 1-particle Hilbert space, fik = 1, 2, 3. 
{O(O'), Oj^j2(0'), • • ■ } is the higher spin multiplet. The action of the generic Qa on the spin 
0 primary operator O(O') = can be decomposed as 


[gAi-A,_i,Bi-B,_i,o(o')] = 

r=0,2,- 




(B.2) 


Let us construct the S'0(3,1) tensor operator with spin s in the sense of fIB.ip in AdS 
bulk. Such operator does not represent the spin s gauge held which is not a tensor, but 
rather the held strength of it. The spin 0 operator 0(0) is already given by (lA.4p . For 
operators with the higher spin, consider 


mim2,k 
A + 

77111712171^7714^,k 


a+ . . a+ . 

^77li77l277l^77l4tl---lf.^tl-"tl^ 




,+ 


- 1 -/ 40 , 


+ a+ 

+ 


-f fia. 

+ /50 


,+ 






M ■■■it. + / 7 a 


7ni77l4ll---lp;. 7712771311-"Ik ’ 


(B.3) 
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which is the most generic s-tensor with the dimension s + 2k + 1. rrip, ip = 1, 2, 3. For each 
s, imposing the condition 


IC 2 , = 2(s^ - (B.4) 

can uniquely fix /j in flB.3D . The corresponding operator is denoted as k, which is 

totally symmetric and traceless. 

Suppose 

= (B.5) 

is a spin s tensor operator at 0, then in analogy with (lA IttM 

[Qm,n, (0)] ~ ^rnnO^^...^^{0), [Q4,m, Omi-.-rria (0)] = (0)) (^-6) 

m,n = 1, 2, 3. S is the spin operator. The first equation in flB.611 is satisfied for the arbitrary 
g{k). forms the representation of 50(3). The complete 50(3,1) representation 

can be obtained by the successive action of QA,m- The coefficient g{k) in (IB.511 is determined 
by the requirement that at some point, no new operators can be created as is required by 
the second equation of (IB.61) . When s = 0, the solution of O°(0)] = 0 is 0(0) in (IA.4p . 
When s = 2, the minimal times for the action of is 3. The corresponding 

can be written as O^^^^ 44 ( 0 )) while the action of Qm,n} gives the complete 50(3,1) 

representation 0 ^^^ 26364 ( 0 ) with bi = 1,2, 3,4. Generically, for spin s operator O^^...^^(0), 
we have O^^...^^(0) = O^^...^^_4...4(0) with the 50(3,1) completion ,,^^^...^2^(0). The 

maximum number of 4 in 6 s+i--- 62 s( 0 ) i® 

The minimum spin s 50(3,1) tensor operator transforming like (IB.611 is not but 

^ 6 r-- 6 s, 6 s+r-- 62 s- "^his is expected, since the massless gauge field is not a Lorentz tensor. 
^bi-bs,bs+i-b 2 s i^^-fches well with the Riemann curvature of the spin s field, 

or more precisely, the linearized Riemann curvature in AdS background since bs+i---b 2 s 

only creates single particle states. 

{Qo, 6} generates the tangent space at 0 along AdS^. The Successive action of Qo,6 gives 


^6i---6s,6s+i---62s;62s+i---62s+fc (0) [ QoMs+ki ' ' ' [Qo,62s+2; [Qo,623+1 i ^6i---6s,6s+i---62s (0)]] ‘ ‘ ']• 

C'6i-fe3,63+i-623;b23+jHTb23+fc(0) is descendant of thus is a spin s operator as 

well. V X e 24 (i 54 |l 3 


<^6 i...623 (^) = 9{x)Ol...f,^^{0)g{x) \ 

^6l---6s,6s+l'"62s;623 + l--- 62 s + fc (^) ~ 9{^)^bl---ba,ba + l---b2a;b2a+l---b2s + k^^'^9{^) ) 


g{x) e 50(3,2). {Ol...ba,ba+i-b 2 a-,b 2 a+i-b 2 a+k(^)\^ = 0, 2, ■ ■ ■ ] k = 0,1,''' } X compose the 

complete basis for the 1-particle Hilbert space of the Ad HS theory. 


^^O^^...^^(0) is a gauge invariant operator. The 50(3,1) transformation of the spin s massless gauge field 
also has the derivative terms on the right hand side. 

^^The relation (|B.8I) is not valid for which is not a tensor. 
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Now consider [Qo---oai---as,fei--- 65 +fc) 0(0)] with fc = 1, 3, • • •, a*, 6 j = 1, 2, 3,4, which could be 
expanded as 


[Qo---Oai---as,fei---bs+fc) 0(0)] 

^2s+k—2r 




[Qo,C2t-+2) [Qo,C2r+11 ^Cl---Cr, 


■ Cr+l‘‘‘^2r 


r=0,2,--- ,s 


(B.9) 


flB.2p could be taken as the boundary limit of fIB.QD . where the linearized curvature tensor 
has already been written as the derivatives of the metric operator There is no charge 

operator that could directly create fei...bs( 0 ) from 0 ( 0 ), the closest one is 

[Qoai-a,,bl-6s+l) 0(0)] = ^ [Qo,fes+l) ;,^...,,^(0)] H-. (B.IO) 

{6i---6s+i} 


• • • are possible terms with the spin lower than s. fIB.Op and fIB.lOp represent the generic 
possibilities, among which some terms may simply vanish. Since k is odd, instead of the 
“primary” ;,^...fe^( 0 ), one can also use the less “primary” [Qoai-a,,fei -bs+i) 0 ( 0 )], 


[Qo-'-Oai---as,bi'"fes+fe> 0(0)] 

t=l,'" ,2s-\-k—2r 

E rCi---C2r+t 

J 0---0ai---as,bi---bg^}^ [^0,C2r+t5 

r=0,2,-" ,s 
,2s-\-k—2r 


[Qo,C2r + 2 5 [QoCl---Cr, 


Cr+l-"C2r + l 


, 0 ( 0 )]] 


E Cl---C2r+£ 

yo---Oai---as,foi---6s+fe [V0ci---Cr,c^+r--C2r+i 


, ■ ■ ■ [Q0,C2r+t-l, [Q0,C2r+t, 0(0)]] 


r=0,2,"- ,s 


(B.ll) 


Especially, 

[Qo-o,bi-fefe, 0(0)] ~ ^2 [Qo.fefc, ■ ■ ■ [Qo,fe2, [Qo.fci, 0(0)]] ■ ■ •], (B.12) 

{bi-bk} 

[Qo'" 0 ,bi - bfc, 0 ( 0 )] is the descendant of 0 ( 0 ). 


C A rheonomy condition satisfying the Bianchi iden¬ 
tity without giving the correct free theory limit 

For the 0-form in adjoint representation of ho{l\2 : [3,2]), the equations of motion and the 
gauge transformation are 

dw^ = A (C.l) 

and 

(C.2) 
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with 


Expanding in terms of 


fa fP 
j PllJ pcr\ 


- $ 


a fa 

V •'pa] 


0 . 


(C.3) 


Im = fM + + • • • 


(C.4) 


If we assnme 


taf: 


a 

P'rWi- 


y (^/3 ) ^7 ) ^(Tl ■ ■ ■ tcTn / 


(C.5) 


where /(t/j, is the snm of the prodnct of tjs, to-i, • • • , ta-„ with tjs and t-y anti¬ 

symmetric, fo-i • • • fo-„ symmetric, then 


taf^y = f{tp, ty) + f{tp, ty] $) + f{tfS, ty] <!),$)+■■• 


(C.6) 


$ = <h"fQ,. With flC.dp plngged in fIC.Sp . comparing the coefficients order by order, the 
solntion can only be 


taf'^y=[tp,ty\F{^), or 


(C.7) 

where F(^) is an arbitrary fnnction of <h with FfOi = 1. Pine (1C.7P into flC.3). we 
fl(h3p is indeed satished. l]C.l) and fl(h2) become 

can see 

dW = [W,1E]F(<I>), 

d$ = [1E,<I)]F(<I>) 

(C.8) 

and 

= de-t- [e, 1E]F(<1>), 

<5,<l>= [e,<h]F(<h) , 

(C.9) 

or 

dW = F(d>)[W,lE], 

dd) = F{^)[W,^] 

(C.IO) 

and 

5M = de +F{^)[e, W], 

= F{^)[e,^]. 

(C.ll) 

ffy = (4)10 = y”, ((,f(4)|(“) or 

Each E($) gives a consistent deformation of 
f|(h8p-fl(hlip become 

= (F(4)lr^,g|0 = /|, (F(4)r,|(“). 

(C.12) 

= fpy. With the held redehnition <!>' = /($), 

dW = [W,W]F[f-\<l>% 

d$' = [iy,$']F[/-i($')] 

(C.13) 

and 

5,W = de+[e,W]F[f-\^% 

<5,4'=|e,4'|F|/-‘(4')] , 

(C.14) 

or 

dW = F[f-\^')][W,W], 

d$' = F[f-\<!>')][W,<!>'] 

(C.15) 
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and 


W = de + F[f-\<l>')][e,W], <5,$' = F[/-i($')][e, $']. (C.16) 

Especially, when f = F, F[/“^($')] = <h'. All of the consistent deformations are related to 
F(<f)) = $ by a held redehnition. 

Until now, we have not made any assnmption on the algebra {ta}, so flC.12p holds for 
the arbitrary algebra which is also a ring. Consider the Ad bosonic higher spin theory with 
the spin s = 0,1,2, and the algebra g, for ta E g, ta ^ with 

m + n = 2(s — 1), t = \m — n\/2. \/ ta^ty E g, taty E g, so fIC.SP - fIC.lip are well dehned, bnt 
the trnncation to the minimal bosonic higher spin theory is not possible. The theory does 
not have the correct free theory limit since fl3.85p is not satished. Also, Rfab)-y ^ local 

Lorentz transformation is deformed. 
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